The b-chromatic number of a graph G, denoted by b(G), is the largest positive integer k such that there exists a proper coloring for G with k colors in which every color class contains at least one vertex adjacent to some vertex in each of the other color classes, such a vertex is called a dominant vertex. The f -chromatic vertex number of a d-regular graph G, denoted by f (G), is the maximum number of dominant vertices of distinct colors in a proper coloring with d + 1 colors. El Sahili and Kouider conjectured that b(G) = d + 1 for any d-regular graph G of girth 5. We study this conjecture by giving some partial answers under supplementary conditions.
Introduction
For a graph G = (V, E), V (G) and E(G) will denote its vertex set and edge set, respectively. We denote by N G (x) the set of the neighbors of the vertex x in G and by N G 2 (x) the set of its second neighbors. The degree of the vertex x in G is the cardinality of the set N G (x) and it is denoted by d G (x). For short, we use d(x) instead of d G (x) and N (x) instead of N G (x). The largest degree in G is denoted by ∆(G). A graph G is said to be k-regular if d(v) = k for all v ∈ G. A proper coloring of a graph G is a mapping c : V → S such that c(u) = c(v) whenever u and v are adjacent. The set S is the set of available colors. A proper coloring with m colors is usually called an m-coloring. The chromatic number of G, denoted by χ(G), is the smallest integer m such that G has an m-coloring. A color class in a proper coloring of a graph G is the subset of V which contains all the vertices with same color. A vertex of color i is said to be a dominating or dominant vertex if it has a neighbor in each color class distinct from i. A color i is said to be a dominant color in G if there exists a dominant vertex of color i. A proper coloring of a graph is called a b-coloring, if each color class contains at least one dominant vertex. The b-chromatic number of a graph G, denoted by b(G), is the largest positive integer k such that G has a b-coloring with k colors. The concept of the b-chromatic has been introduced by Irving and Manlove [23] when considering minimal proper colorings with respect to a partial order defined on the set of all partitions of the vertices of a graph. They proved that determining b(G) is NP-hard for general graphs, but polynomial-time solvable for trees. Recently, Kratochvil et al. [11] have shown that determining b(G) is NP-hard even for bipartite graphs while Corteel, Valencia-Pabon, and Vera [25] proved that there is no constant > 0 for which the b-chromatic number can be approximated within a factor of 120/133-in polynomial time (unless P=NP). Obviously, each coloring of G with χ(G) colors is a b-coloring. Also, b(G) ≤ ∆(G)+1. Therefore, for each d-regular graph G, b(G) ≤ d+1. Since d+1 is the maximum possible b-chromatic number of d-regular graphs, determining necessary or sufficient conditions to achieve this bound is of interest. Hoang and Kouider [7] characterized all bipartite graphs G and all P 4 -sparse graphs G such that each induced subgraph H of G satisfies b(H) = χ(H). If we are limited to regular graphs, Kratochvil et al. proved in [11] that for a d-regular graph G with at least d 4 vertices, b(G) = d + 1. In [24] , Cabello and Jakovac reduced the previous bound to 2d 3 − d 2 + d and then El Sahili et al. [2] showed that b(G) = d + 1 for a d-regular graph with at least 2d 3 + 2d − 2d 2 . It was also proved in [2] that b(G) = d + 1 for a d-regular graph G containing no cycle of order 4 and with at least d 3 + d vertices. It follows from the above results that for any d, there is only a finite number of d-regular graphs G with b(G) ≤ d. Kouider [15] proved that the b-chromatic number of a d-regular graph of girth at least 6 is d + 1. El Sahili and Kouider [1] proved that the b-chromatic number of any d-regular graph of girth 5 that contains no cycle of order 6 is d + 1. In [1] , El Sahili and Kouider asked whether it is true that every d-regular graph G with girth at least 5 satisfies b(G) = d + 1. For cubic graphs, if their girth is at least 6 or have at least 81 vertices, then by the above their b-chromatic number is 4. Blidia, Maffray and Zemir [12] showed that the Petersen graph provides a negative answer to this question since they proved that the b-chromatic number of Petersen graph is 3. They also proved that El Sahili and Kouider conjecture is true for d ≤ 6 except for Petersen graph. Cabello and Jakovac [24] proved that a d-regular graph of girth at least 5 has a b-chromatic number at least 
Proof. Color the vertices of G by a proper (d+1)-coloring c. If An edge of G is said to be a bad edge if it is incident with two vertices of the same color. If the color of the two vertices is i, then the bad edge is said to be an i-bad edge. We denote by b c , the number of bad edges between vertices in F and others in K that are resulted from the coloring c. First, we improve El Sahili and Kouider result [1] by proving the following:
containing neither a cycle of order 4 nor of order 6. Then, the b-chromatic number of G is d + 1.
Proof. Consider a vertex x and its d neighbors x 1 , x 2 , ..., x d . Since G has no cycle of order 4 then x i has at most one common neighbor with x for every i, 1 ≤ i ≤ d, and any two neighbors of x don't have a common neighbor distinct from x. Also, for the same reason, if x i and x j are adjacent then a neighbor of x i is not adjacent to a neighbor of x j for every i and j such that
Besides, a neighbor of x i has at most one neighbor in ∪ j =i N (x j ) since G has neither a cycle of order 4 nor of order 6 for every i, 1 ≤ i ≤ d. Give x the color d + 1 and each vertex x i the color i for i = 1, ..., d. The vertex x is then a dominant vertex. Now we will color the neighbors of x i in such a way that x i is a dominant vertex for all i, 1 ≤ i ≤ d. Color the uncolored neighbors of x 1 in such a way that x 1 is a dominant vertex. Suppose that all the uncolored neighbors of x 1 , ...,
Let K be the subgraph induced by the colored vertices other than x k and let F be the subgraph induced by x k and its uncolored neighbors. Consider a coloring c of the uncolored vertices in F such that c(V (F )) ⊂ {1, ..., d}, b c is minimal and x k has a neighbor in each color class distinct from k. If no bad edge exists, then x k is a dominant vertex in a proper coloring of V (F ) ∪ V (K). Else, suppose that there exists an i-bad edge and let u be the end vertex of this edge in F . Note that |F \ {u,
, then since u has a neighbor of color i in K and at most d − 2 vertices of color i in K have neighbors in F , there exists a vertex y in F \ {u, x k } such that y has no neighbor of color i in K. Then switch i and c(y) in F . Otherwise; i.e. |F \ {u, x k }| = d − 3, then in this case at most d − 3 vertices of color i in K have neighbors in F . Thus since u has a neighbor of color i in K, there exists a vertex y in F \ {u, x k } such that y has no neighbor of color i in K. Then switch i and c(y) in F . Thus, in both cases we can recolor the neighbors of x k , distinct from x, by a new coloring c such that x k has a neighbor in each color class distinct from k and b c < b c , a contradiction. Hence, the uncolored neighbors of x k can be colored without the appearance of bad edges. Once all the neighbors of x i , for i = 1, ..., d, are colored, we complete by giving to each other uncolored vertex a convenient color. 
Proof
Let K be the subgraph induced by the colored vertices, distinct from x k , and let F be the subgraph induced by x k and its uncolored neighbors. Consider a coloring c of the uncolored vertices in F such that c(V (F )) ⊂ {1, ..., d}, b c is minimal and x k has a neighbor in each color class distinct from k. If no bad edge exists, then x k is a dominant vertex in a proper coloring of V (F ) ∪ V (K). Else, suppose that there exists an i-bad edge and let u be the end vertex of this edge in
− 1 and u has a neighbor in K, then there exists a vertex y in F \ {x k } such that y has no neighbor of color i in K and u has no neighbor of color c(y) in K. Hence, switch i and c(y) in F . So, the i-bad edge is removed and so we can recolor the neighbors of x k , distinct from x, by a new coloring c such that x k has a neighbor in each color class distinct from k and b c < b c , a contradiction. Thus, the uncolored neighbors of x k can be colored without the appearance of bad edges. Once all the neighbors of x i are colored we complete by giving to each other uncolored vertex a convenient color.
We have mentioned above that Shaebani introduced in [26] a lower bound for the b-chromatic number of d-regular graphs with no cycle of order 4. In the following theorem, we improve Shaebani bound by 1 in the even case of d. 
+2.
Proof. Consider a vertex x and its d neighbors x 1 , x 2 , ..., x d . As above we remark that x i and x j have no common neighbor distinct from x, a neighbor of x i is adjacent to at most one neighbor of x j , x i has at most one common neighbor with x and if x i is adjacent to x j then a neighbor of x i is not adjacent to any of the neighbors of x j for every i and j such that
Hence the set of edges {e = uv : uv ∈ N (x)} is a matching and so we may suppose that the vertices x 1 , x 2 , ...,
are enumerated in such a way that at most one of these vertices has a neighbor in the set {x . We will study two cases:
− 1, then there exists a vertex y in A such that u has no neighbor of color c(y) in K. Hence, switch i and c(y) in F . Otherwise; i.e.
Thus, there exists a vertex y in A such that u has no neighbor of color c(y) in K. Hence, switch i and c(y) in F .
|C
is not a dominant color in K, x k has no common neighbor with x and x j has no common neighbor with x of color i for j = 1, ...,
− 2 and so there exists a vertex y in A such that u has no neighbor of color c(y) in K. Hence, switch i and c(y) in F . Otherwise; i.e u has no neighbor of color k in K, then switch i and k in F .
Thus, in both cases we can recolor the neighbors of x k , distinct from x, by a new coloring, say c , such that x k has a neighbor in each color class distinct from k and b c < b c , a contradiction. Hence, the uncolored neighbors of x k can be colored without the appearance of bad edges. Once all the neighbors of x i for i = 1, ..., 
Regular Graphs of Girth 5 and Diameter 5
In what follows, we will establish a lower bound for b(G), where G is a d-regular graph with girth 5 and diameter 5, by giving the following lower bound for f (G): Proof. Let x be a vertex of G with N (x) = {x 1 , .., x d }. We remark that x i and x j have no common neighbor distinct from x, a neighbor of x i is adjacent to at most one neighbor of x j and x i has no common neighbor with x since G is of girth 5 for every i and j such that
Thus, the proof is followed from the proof of Theorem 2.3.
Consider a d-regular graph G, d ≥ 7, with g(G) = 5. Let x be a vertex of G and let
We define a U x -coloring to be a (d + 1)-coloring of N (U ) ∪ U in such a way that the vertices of U are dominant ones of distinct colors. By the previous Lemma, the U x -coloring is possible for every U ⊂ N (x) such that |U | = d−1 2 + 1. Let y be a vertex of G such that dist(x, y) = 5 and let N (y) = {y 1 , y 2 , ..., y d }. We remark that x i and y j have no common neighbor since dist(x, y) = 5 for every i and j, 1 ≤ i, j ≤ d. A neighbor of x i (resp. y j ) is adjacent to at most one neighbor of y j (resp. x i ) for every i and j, 1 ≤ i, j ≤ d, since G contains no cycle of order 4. Consider a U x -coloring and let K be the subgraph induced by the colored vertices. We will denote by D K the set of dominant colors in K, by N K the set of non dominant colors in K that are distinct from c(x) and by C j (i) the set of vertices of color i in K that have neighbors in N (y j ),
Color y by β and y j by α, where α and β are in N K , for some j, 1 ≤ j ≤ d, and color the uncolored vertices in N (y j ) using the same colors used to color the vertices in K in such a way that y j has a neighbor in each color class distinct from α. Let F be the subgraph induced by y j and its neighbors. If an i-bad edge appears between a vertex in N (y j ) and another in K for some 
and switch k and i in F and so the i-bad edge is removable. Thus,
. d is even since otherwise there exists z ∈ A j (i) such that z has no neighbor of color i in K and so the i-bad edge is removed by switching i and c(z) in F . Hence, |A j (i)| = Proof. By the previous Lemma, i ∈ D K and so
If there exists z ∈ A j (i) such that z has no neighbor of color l in K for some l ∈ (c(B j (i)) \ {i}) then recolor u j (i) by c(z), z by l and the vertex of color l in F by i and so the i-bad edge is removable, a contradiction. Thus each vertex z in A j (i) has a neighbor of color l in K, ∀ l ∈ (c(B j (i)) \ {i}). l ∈ D K ∀ l ∈ c(B j (i)), since otherwise if l / ∈ D K for some l ∈ (c(B j (i)) \ {i}) then recolor y j by l, i by α and the vertex of color l in F by i and so the i-bad edge is removable. Thus |C j (l)| = removed, color the uncolored neighbors of y and x in such a way that y and x are dominant vertices. Then continue coloring by giving each uncolored vertex a convenient color. Hence, we obtain at least Thus, A i ∩ B = φ. Let z ∈ A i ∩ B and then switch i and c(z) in F p and so the i-bad edge is deleted without causing the appearance of another new bad edge and without changing the color of y p and y. Thus any bad edge that appears between F p and K can be deleted without causing the appearance of another new bad edge and without changing the color of y p and y. Once all bad edges are deleted color x by a color distinct from the color of y and from that of the dominant vertices in F p ∪ K . Color the uncolored neighbors of x and y in such a way that x and y are dominant vertices. Finally, we complete by giving to each uncolored vertex a convenient color and so we obtain 
